"Spread" restricted Young diagrams from a 2D WZNW dynamical quantum
  group by Hadjiivanov, Ludmil & Furlan, Paolo
”Spread” restricted Young diagrams from
a 2D WZNW dynamical quantum group
Ludmil Hadjiivanov and Paolo Furlan
Abstract The Fock representation of the Q-operator algebra for the diagonal
2D ŝu(n)k WZNW model where Q = (Q
i
j) , Q
i
j = a
i
α ⊗ a¯αj , and aiα , a¯βj are
the chiral WZNW ”zero modes”, has a natural basis labeled by su(n) Young
diagrams Ym subject to the ”spread” restriction
spr (Ym) := #(columns) + #(rows) ≤ k + n =: h .
1 Introduction
This work contains a brief exposition of new results based on ideas and tech-
niques, some parts of which have been already made public in [23, 24, 21].
The latter relied, in turn, on the notion of quantum matrix algebras gener-
ated by the chiral zero modes of the SU(n)k Wess-Zumino-Novikov-Witten
(WZNW) model introduced in [22] (see also [26, 17, 19]). The relation of such
algebraic objects with quantum groups [7, 27] has been anticipated in [1, 12].
For generic values of the deformation parameter q the Fock representation
of the chiral zero modes’ algebra is a model space of Uq(s`(n)) [4, 17, 21].
In the most interesting applications the deformation parameter q is a root
of unity (in our case we take q = e−i
pi
h , h = k + n). It has been shown, in
particular, in [20] that the Fock representation of the chiral zero modes’ al-
gebra for n = 2 carries a representation of the restricted (finite dimensional)
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quantum group Uq(s`(2)) of [13, 14] containing, as submodules or quotient
modules, all irreducible representations of the latter.
Combining the left and right chiral zero modes’ algebras, one obtains a
particular (2D zero modes’) dynamical quantum group [9]. Its role in the
description of the internal (sector) structure of the n = 2 WZNW model has
been studied in [18, 8] where it has been shown that it provides in a natural
way a finite extension of the unitary model. The setting is reminiscent to the
axiomatic (cohomological) approach to gauge theories, the quantum group
playing the role of generalized gauge symmetry.
The main statement of the present paper is that the Fock representation of
the 2D zero modes’ algebra has a basis that is in a one-to-one correspondence
with the finite set of su(n) Young diagrams [15] restricted by a specific
”spread” condition. These fit into a rectangle of size (n− 1)× (h− 1) which
is thus wider than the (n − 1) × k rectangle containing the unitary ŝu(n)k
fusion sectors [5]. (The ring structure of the latter, i.e. the Verlinde algebra,
is conveniently described by a suitable representation of the phase model
hopping operator algebra or, in other terms, of the affine local plactic algebra
[28, 31].) Note that the spread restriction is more stringent than just the
fitting into the (n− 1)× (h− 1) rectangle requirement.
It would be interesting to find out if the affine algebra representations
(some of which non-integrable) corresponding to the finite set of ”spread
restricted” su(n) diagrams constitute a sensible extension of the unitary
WZNW model. We hope that, on the long run, the present approach could
help to better understand the adequate ”gauge” symmetry (the 2D counter-
part of the Doplicher-Roberts [6] compact group) governing the ”addition of
non-abelian charges”, i.e. the fusion rules, in RCFT (cf. [3, 25, 29, 2, 10, 30,
11]).
2 Definitions: SU(n)k WZNW zero modes
We will recall here the basic assumptions about the chiral and 2D WZNW
”zero modes” and their Fock representation, justified by the consistent ap-
plication of the principles of canonical quantization (see e.g. [24, 21]).
The mutually commuting left and right SU(n)k WZNW chiral zero modes’
algebras Mq , M¯q are generated by operators {qpj , aiα} and {qp¯j , a¯αi } , re-
spectively, satisfying identical exchange relations:
qpiqpj = qpjqpi ,
n∏
j=1
qpj = 1 , qpj`aiα = a
i
α q
pj`+δ
i
j−δi` (pj` := pj − p`) ,
qp¯iqp¯j = qp¯jqp¯i ,
n∏
j=1
qp¯j = 1 , qp¯j` a¯αi = a¯
α
i q
p¯j`+δij−δi` (p¯j` := p¯j − p¯`) ; (1)
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all indices run from 1 to n . Bilinear combinations of chiral zero modes inter-
twine dynamical and constant R-matrices; the left and right sector quadratic
exchange relations following from
Rˆ12(p) a1 a2 = a1 a2 Rˆ12 , Rˆ12 a¯1 a¯2 = a¯1 a¯2
ˆ¯R12(p¯) (
ˆ¯R12(p¯) = (Rˆ12(p¯))
t ) ,
(2)
respectively, coincide as well when written in components:
ajβa
i
α [pij − 1] = aiαajβ [pij ]− aiβ ajα qαβpij ( for i 6= j and α 6= β) ,
[ajα, a
i
α] = 0 , a
i
αa
i
β = q
αβ aiβa
i
α , (3)
a¯βj a¯
α
i [p¯ij − 1] = a¯αi a¯βj [p¯ij ]− a¯βi a¯αj qαβ p¯ij ( for i 6= j and α 6= β ) ,
[a¯αj , a¯
α
i ] = 0 , a¯
α
i a¯
β
i = q
αβ a¯βi a¯
α
i (4)
(the antisymmetric symbol αβ = ±1 for α ≷ β and vanishes for α = β).
They are supplemented by appropriate n-linear determinant conditions,
det(a) = Dq(p) , det(a¯) = Dq(p¯) , (5)
where Dq(p) :=
∏
i<j [pij ] and
det(a) :=
1
[n]!
i1...in a
i1
α1 . . . a
in
αn ε
α1...αn ,
det(a¯) :=
1
[n]!
εα1...αn a¯
i1
α1 . . . a¯
in
αn 
i1...in , (6)
i1...in = 
i1...in and εα1...αn = ε
α1...αn being the ”ordinary” and ”quantum”
fully (q-)antisymmetric n-tensors, respectively. Finally, for qh = −1 the chiral
zero modes’ algebrasMq , M¯q possess non-trivial two-sided ideals such that
the corresponding factor algebras M(h)q and M¯(h)q are characterized by the
additional relations
(aiα)
h = 0 , q2h pj` = 1 , (a¯αi )
h = 0 , q2h p¯j` = 1 . (7)
(Strictly speaking, the two algebras are identified with the corresponding
non-commutative polynomial rings in aiα and a¯
α
i over the fields of rational
functions of qpj and qp¯j , respectively.) We will be interested in the Fock
space representation F (h) ⊗ F¯ (h) of M(h)q ⊗ M¯(h)q , where
F (h) =M(h)q |0〉 , F¯ (h) = M¯(h)q |0〉 . (8)
The action of the generating elements on the vacuum vector is subject to
qpj` |0〉 = q`−j |0〉 = qp¯j` |0〉 , j, ` = 1, . . . , n ,
aiα |0〉 = 0 = a¯αi |0〉 , i = 2, . . . , n . (9)
4 Ludmil Hadjiivanov and Paolo Furlan
It follows that monomials in aiα , a¯
α
i generate eigenvectors of q
pj and qp¯j , re-
spectively, with eigenvalues of pj` , p¯j` corresponding to shifted su(n) weights
(e.g. pjj+1 = λj + 1 , the vacuum quantum numbers being given by the com-
ponents of the Weyl vector).
Defining Qij = a
i
α ⊗ a¯αj ∈ M(h)q ⊗ M¯(h)q , we will call the corresponding
operator algebra ”the Q-algebra” (of the SU(n)k WZNW model). Our task
will be to describe the structure of its vacuum representation as a subspace
of the ”extended” (carrier) space F (h) ⊗ F¯ (h) .
This has been done in a completely satisfactory way for n = 2 (in [24, 21];
see also [18]) and the emerging picture is easy to describe. It turns out
that in this case the diagonal elements of the matrix Q = (Qij) commute
with the off-diagonal ones and both generate two copies of the (finite di-
mensional) restricted quantum group Uq(s`(2)) of [13, 14, 20]. The corre-
sponding Fock space representations are however quite different: while the
one generated by the off-diagonal elements of Q is one dimensional, the di-
agonal Q-operators span a subspace Fdiag of dimension h = k + 2 in the
h4-dimensional F (h) ⊗ F¯ (h) . Furthermore, there is a natural scalar product
on Fdiag which is positive semidefinite, the subspace of zero-norm vectors
F ′′ being one-dimensional, F ′′ = C (Q11)h−1 | 0〉 . One obtains in effect a fi-
nite dimensional toy generalization of axiomatic gauge theory, the role of the
pre-physical subspace F ′ being played by Fdiag and such that the physical
subquotient
Fphys = F ′/F ′′ ' ⊕h−1p=1Fphysp , Fphysp := C (Q11)p−1 |0〉 (10)
contains exactly the fusion sectors Fphysp (p = 2I + 1) of the unitary model.
It is this picture that we would like to generalize to n ≥ 3 when q =
e−i
pi
h , h = k + n .
3 The Q-algebra for n ≥ 3 and the space F ′
For the lack of space we will only sketch in this section the derivation of the
results for n ≥ 3 postponing most of the interesting details to a forthcoming
publication. First of all, it is easy to see that (3), (4) and (7) imply
(Qij)
h = 0 . (11)
Combining further the quadratic exchange relations for the left and right
sector zero modes (2), we obtain those for the Q-operators in a dynamical
quantum group form [9, 26]:
Rˆ12(p)Q1Q2 = Q1Q2
ˆ¯R12(p¯) . (12)
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(As in the case of chiral exchange relations (3), (4), we will actually postulate
relations obtained after getting rid of the denominators in the entries of the
two dynamical R-matrices.) A straightforward computation shows that, as a
result, any two entries of the matrix Q belonging to the same row or column
commute.
All this has been already proved in [24] where the problem of commutativ-
ity of diagonal and off-diagonal elements has been also addressed. The novelty
we would like to announce here answers this question and also describes the
n ≥ 3 counterpart of the pre-physical space F ′ of Section 2, providing a
basis in it labeled by (a certain finite set of) su(n) Young diagrams.
To this end we first introduce again the space Fdiag generated from the
vacuum by diagonal Q-operators. Due to (9), the vacuum is annihilated by
all Qij except for i = j = 1 . Depicting the action of each diagonal operator
Qjj by adding a box to the j-th row of a table with n rows, we can make
correspond to any vector in Fdiag generated by a monomial a unique tableau
with boxes numbered in the order of appearance in the product (counted from
the right) of the specific operator.
It is not clear from the outset even if Fdiag is finite dimensional. However,
one immediately realizes that any single row table containing more than h−1
boxes should vanish, due to (11) implying v
(1)
h := (Q
1
1)
h | 0〉 = 0 . Consider
next the vector v
(2)
h := Q
2
2 (Q
1
1)
h−1 |0〉 . Noting that on Fdiag the eigenvalues
of pj` and p¯j` coincide and that (12) implies, for any v ∈ Fdiag ,
Qij v = 0 or Q
j
i v = 0 ⇒ [pij + 1]QiiQjj v = [pij − 1]QjjQii v (13)
(see [24]), we deduce from (1) and (9) that (since [h− 2] = [2] 6= 0)
[p21 + 1]Q
2
2 (Q
1
1)
h−1 |0〉 = [p21 − 1]Q11Q22 (Q11)h−2 |0〉 , i.e.
−[h− 2] v(2)h = −[h]w(2)h ≡ 0 ⇒ v(2)h = 0 , (14)
where w
(2)
h := Q
1
1Q
2
2 (Q
1
1)
h−2 |0〉 . Similar observations suggest to introduce
the space F ′ ⊆ Fdiag as the linear span of vectors of the type
vm := (Q
i
i)
mi . . . (Q22)
m2(Q11)
m1 |0〉 , m = (m1,m2, . . . ,mi, 0, . . . , 0) (15)
with
1 ≤ i ≤ n− 1 , mi ≤ mi−1 ≤ . . . ≤ m1 , m1 + i ≤ h . (16)
It turns out that it has remarkable properties.
• F ′ is finite dimensional
• it is annihilated by any off-diagonal Q-operator: Qj` F ′ = 0
• the basis (15) can be labeled by admissible su(n) Young diagrams Ym of
maximal hook length not exceeding h− 1 or, which is the same, of spread
spr (Ym) := i+m1 ≤ h . (17)
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The last assertion needs some clarification. We first verify, by using (13),
that reordering the factors in the Q-monomial (15) reproduces one and the
same vector, up to a non-zero coefficient, as far the ”standard su(n) rule”
mj ≤ mj−1 is respected at any step (i.e., also in subdiagrams obtained by
removing an arbitrary number of Q-operators from the left); so under this
condition the numeration of boxes is irrelevant. What we call ”maximal hook
length” (of a non-trivial Young diagram) is the hook length of the box in the
upper left (NW) corner; we have used the term ”spread” for the sum of the
numbers of columns and rows.
To show that F ′ = Fdiag , we have to prove that any action violating the
conditions (16), or equivalently – in the ”diagrammatic language” – that
• adding a box to the n-th row
• adding an extra box to the j-th row when mj = mj−1 or, finally,
• adding an extra box to the first column or row of a diagram saturating
the spread inequality (17), i.e. for which spr (Ym) = h
all lead to a zero vector (or to another vector in F ′). The proof relies essen-
tially on the careful application of (13) (and, for the first point, also on the
determinant conditions (5)). The only difficulty arises when one violates the
spread inequality by adding an extra box to the first row of the diagram (i.e.,
m1 → m1 + 1 for i+m1 = h).
In this last case the problem can be reduced to hook shaped diagrams (all
boxes in a diagram saturating (17) become irrelevant except those in the first
row and the first column which form its ”backbone”). In effect, for i > 2 we
just have to generalize (14), introducing
v
(i)
h = Q
i
iQ
1
1 v , w
(i)
h = Q
1
1Q
i
i v , v := Q
i−1
i−1 . . . Q
2
2 (Q
1
1)
h−i |0〉 . (18)
The argument why v
(i)
h = 0 is the same as in (14); we only have to evaluate
[pi1±1] v = [1−h±1] v . The problem is to show that w(i)h = 0 too. To tackle
it, we need a new technique which is introduced in the next section.
Before going to it we will make the following important remark. It is ob-
vious that the su(n) Young diagrams of spread restricted by h fit into a
rectangle of size (n− 1)× (h− 1) . (The spread condition imposes a stronger
restriction, except for n = 2.) In the WZNW setting the zero modes are cou-
pled to elementary chiral vertex operators (CVO) with similar intertwining
properties [21]; having this in mind, we note that the integrable representa-
tions of the affine algebra ŝu(n)k (or the fusion sectors of the unitary model)
are labeled by all su(n) Young diagrams that fit into the ”narrower” rectan-
gle of size (n−1)×k . Extending the analogy with the n = 2 case, cf. (10), we
would expect, in particular, the vectors vm (15) to have zero norm iff they
correspond to diagrams outside the ”unitary” rectangle. (All such diagrams
have thus also boxes in the additional (n− 1)× (n− 1) square.)
The following figures illustrate the above ideas and notions.
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Fig. 1 The (n− 1)× (h− 1) rectangle for n = 5, k = 7
Fig. 2 Single row diagram Y of maximal spread (spr(Y ) = 12)
Fig. 3 Hook-shaped diagram of maximal spread
Fig. 4 Hook-shaped diagram of maximal spread
Fig. 5 Hook-shaped diagram of maximal spread
Fig. 6 A “forbidden” diagram (the black box is extra)
Fig. 7 A “forbidden” hook-shaped diagram (the ”backbone” of Fig. 6)
Fig. 8 The same (“forbidden”?) hook-shaped diagram as in Fig. 7
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4 Chiral q-symmetric and q-antisymmetric bilinears
It turns out that the cumbersome bilinear exchange relations (3), (4) assume
an amazingly simple form when written in terms of the corresponding q-
antisymmetric and q-symmetric bilinear combinations
aiαa
j
β = A
ij
αβ + S
ij
αβ , A
ij
αβ = −q−αβAijβα , Sijαβ = qαβSijβα (19)
defined by
[2]Aijαβ := a
i
α′a
j
β′A
α′β′
αβ =
{
q−αβaiαa
j
β − aiβajα , α 6= β
0 , α = β
(20)
and
[2]Sijαβ := a
i
α′a
j
β′S
α′β′
αβ =
{
qαβaiαa
j
β + a
i
βa
j
α , α 6= β
[2] aiαa
j
α (≡ [2] ajαaiα) , α = β
, (21)
respectively, and their bar analogs
[2] A¯αβij := A
αβ
α′β′ a¯
α′
i a¯
β′
j , [2] S¯
αβ
ij := S
αβ
α′β′ a¯
α′
i a¯
β′
j . (22)
A simple calculation [21] shows that relations (3), (4) for i 6= j and α 6= β
are equivalent to
[pij + 1]A
ij
αβ = −[pij − 1]Ajiαβ , Sijαβ = Sjiαβ ,
[p¯ij + 1] A¯
αβ
ij = −[p¯ij − 1] A¯αβji , S¯αβij = S¯αβji . (23)
The remaining relations (3), (4) look equally simple in these terms:
Sijαα = S
ji
αα , A
ii
αβ = 0 , S¯
αα
ij = S¯
αα
ji , A¯
αβ
ii = 0 . (24)
Note that
Sijαβ ⊗ A¯αβ`m = 0 = Aijαβ ⊗ S¯αβ`m (25)
(where summation over α and β is assumed) since e.g.
Sijαβ ⊗ A¯αβ`m = (qαβSijβα)⊗ (−q−αβ A¯βα`m) = −Sijβα ⊗ A¯βα`m , (26)
and hence
Qi`Q
j
m = (S
ij
αβ +A
ij
αβ)⊗ (S¯αβ`m + A¯αβ`m) = Sijαβ ⊗ S¯αβ`m +Aijαβ ⊗ A¯αβ`m . (27)
These relations turn out to be crucial as they shed light on the quantum group
”internal structure” of monomials in the Q-operators. (Their importance can
be anticipated in the derivation of (11), see [24], which is actually based on the
q-symmetry underlying the chiral expansion of QijQ
i
j .) To illustrate the idea,
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we will demonstrate that, presented as in (18), the vector w
(i)
h only contains
the q-antisymmetric part of Q11Q
i
i . Indeed, it follows from [pi1−1] v = 0 and
(23) that
[pi1 + 1]A
i1
αβ v = −[pi1 − 1]A1iαβ v = 0 ⇒ v(i)h = Si1αβ ⊗ S¯αβi1 v . (28)
Now taking into account that v
(i)
h = 0 and S
i1
αβ = S
1i
αβ , S¯
αβ
i1 = S¯
αβ
1i we infer
0 = Si1αβ ⊗ S¯αβi1 v = S1iαβ ⊗ S¯αβ1i v ⇒ w(i)h = A1iαβ ⊗ A¯αβ1i v . (29)
Using this property, we have been able to show ”by brute force”, in the case
n = 3 , that w
(2)
h = 0 for small values of the level k . Finding the appropriate
combinatorial arguments in the general case (of arbitrary n , i and h) remains
a challenge.
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